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1. Introduction

Let 7 denotes the class of functions of the form
f(2)=2+) a,z" 1)
n=2

which are analytic in the open unit disk D = {z €C : |z| <1}. If f and g are analytic function in D, then
thefunction f is said to be subordinate to g, and write f(z) < g(z), if there exists a function ® analytic in D
witho(0) = 0 and |®(z)] < 1 for all z €D, such thatf(z) = g(w(z)), z €D. Moreover, if the function g
isunivalent in D, then f(z) < g(z) if and only if f(0) =g(0) and f(D) < g(D).

Kanas and Wisniowka [5, 6], established the conic kind of domain @, k>0 as

O ={u+iv:u>ky(u-1)>+v’}

We note that @, is a region in the right half-plane, symmetric with respect to real axis, and contains the point
(1,0). More precisely for k=0, @, is the right half-plane, for O<k<1, ®is an unbounded region having
boundary o®,, a rectangular hyperbola for k=1, @, is still an unbounded region where o6®; is a parabola, and
for k>1, @y is a bounded region enclosed by an ellipse. The extremalfunction for these conic regions are

1114 @



PEN Vol. 7, No. 3, September 2019, pp.1114-1125

i+_27 k=0
_22 14z )
/7
1+=|lo : k=1
[ gl—fJ
2
pe(2)=7_1 cosh 2arccosk lo 1+4z K O<k<1 )
1-k? T g —\/_ 1-k* =
u@)
Jx 2
sin J. k T k>1
k -1 2k(Kk V1-t21-k%t?

2k

where u(z) =
1-Jkz'
complete elliptic integral of first kind and K'()= K(v1—k?)and K'(t) is the complementary integral of K(t)

for details see [1, 5 6] and more recently [9,12,14]. If P(2)=1+My(K)z+My(K)Z*+--,
ze D, then it was shown in [6] that for (2) one can have,

zeD and k € (0,1) is chosen such that k:cosh( ZKK((K))J Here K(k) is Legendres’s
K

2A° 0<k<1
1-k?
My (K)= 1 k=1 3)
T
TEZ
AKZ (L2 (1+ Wt
Ma(K)= E(K) My(K)
where
A*+2 0<k<1
3
E(k)= % k=1 (4)
T
(AK(Y (t* +6t+1)—n? L
24K (Y (1+ Wt

with A = Earccosk
T

Further more a function p is said to be in the class k—P[A,B] if and only if
p(2)< 0y (2), k=0
where g, (2)= AFDP@=(A-D) )
(B+1)p(2)-(B-1)
where py is defined in (2) and -1 < B < A < 1. Geometrically the function p € k—P[A,B] takes all the values
from the domain @[A,B], -1 <B < A <1, k >0, which is defined as:
DA, B] = {o: R((c(w)) >k|c(w)[}

where  c(w(= (B-Do-(A-1)
(B+1l)o-(A+1)

or equivalently ®,[A,B] is a set of numbers o= u+iv such that
[(B*- 1)(U* + V2 — 2(AB — 1)u + (A*- 1)]?
Sk[- 2(B + 1)(U? + V?) + 2(A + B + 2)u — 2(A + 1)° + 4(A - B)AV7]
This domain represents the conic type of regions for detail see [11]. For any n positive integer n, the g-integer
number n, [n,q] is defined by

1115



PEN Vol. 7, No. 3, September 2019, pp.1114-1125

_1-q
[n’q]_ 1

g-differential operator be defined by

=1+q+...+qn_l [O,q]=0, qE(O,l) (6)

0,f(2)= M (zeD)
(9-1)z
It is easy to observe that forn e N :={1,23..}and z €D
02" = [n,qlz"*
Let the g-generated pochhammer symbol be defined as

[r.al. =[r.allr+1,0a][r+2,q]...[r+n-1,0]
and for r>0 let the g-gamma function be defined as

Co(r+1)=[r] [4(r) and [4(1)=1
These kind of operators see [2,3,13], play great in GFT. Kanas et al, defined Rucheweyh g-differential
operator as follows:

Definition 1. [7]
For the function fe 7 is in the form (1) , the Rucheweyh g-differential operator is:
R; f(2)=f(2)*F,,.,(2), (zeD,A>-1) (7)

where
© Ly(n+2)

Fq*“l(z)zhz_;‘ [n—1.q]'T, (1+ 1)

[}"{'1 q]n l n
22[n “1q)! ®

=7+ Z¢n—lzn
n=2

n

where
T+ +1.4),,
[n-1,0'T,(1+1)  [n-1,q]!

¢n 1=

from (7) we get that
Ref(2)=f(2), R f(2)=20,f(2)

and
o z0™ (2™ (2))
qu(Z):W (mEN)
Using (7) and (8), the power series R;f(z) is given by
RIT(2)= z+i Lq(n+3) n
> [n-1,q]!'T, (1+7w)
9)
Z[}V"l q]n l n
n—Lq "
Note that
) z
L'ﬂ [a(@)= m
and

lim Rgf(z)zf(z)*(

1— Z) A+l

When g—1 see[16], we observe that
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20(Fy1(2) = (1+ [ES]JFW @@ (10
making use of (7), (10) and the properties of hadamard product we obtain the following equality

20(R(2)) = (1+ [};’—?]JR Hf(z) - [2,3] Rf(2) (11)

If g—1, the equality (11) implies

2(RM(2))'=(1+1) R**(2)-1 R*(2)
which is the familiar recurrent formula for the above operator. we now defined the following classes of
functions.

Definition 2.
A function f(z) €4 is said to be in the class k-US4(A,ABt), k> 0, B< 0, t €C with |t <1
-1<B<A<1, ifandonly if
R (c(X(z)))>k IC(>§(Z))I
X(2) = (1-1)(@,R,f(2))
(Rgf(z)— Rgf(tz))

orequvalently,
_ (1- t)(zangf(z))
(Rgf(z)— Rgf(tz))

X(z) ck—P[AB]

Definition 3.
A function f(z) €4 is said to be in the class k-UCy(A,A,B,t), k>0, B<0,t eCwith < 1,-1<B<A<1, ifand
only if
R (c(Y(2)))>k [c(Y(2))l
_ (1-1)(20,Rf(2)+ 2°0; R4 f(2))

2(0,R,f(z)-to R f(tz))

Y(2)

orequvalently,

1-1)(z0 . R*(2)+ 2*0’R*(z
vy - =X v @) o ( ))ek—UCq
z(aqqu(z)—taqqu(tz))
Definition 4.
A function f(z) 4 is said to be in the class k-USi(A,AB,y,t), k> 0, B< 0, t eC with || <1
-1<B<AK<1, ifandonly if
R(c(G(2))> K[c(G(2))

(1-t) (D R:f(2)+y2%0%Rf(2))

- (1-P(Rf(2)- R f(t2) 1+ v2(0,R;F(2) - to, R f(t2))

G(2)
orequvalently,

62 (1-t)(@,REF(2)+y 2202R%H(2))

_ q
(1-7)(R;f(2)- Rif(t2))+v2(0, R} F(2) - t0,R:(t2))

ek-P[AB] (12)

Remark 5.
It is easily see that limy, 1 k-US4(0, A, B, 0, 0) = k—ST(A, B) where k-ST(A, B) is a functions class,
investigated by Noor and sarfraz [11]
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Lemma 6.[15]

Let h(z)=1+ chz” be subordinate to H(z)=1+Zan”. If H(z) is univalent in D and H(E) is convex,

n=1 n=1
then
[col <|Cyf, n>1

Lemma 7. [8,10]

If q(z)=1+c,z+C,z*+-- is an analytic function with positive real part in D then,
lc, —vef| < 2max{1}2v-1[}

The result is sharp for the function

1+ 22 1+2
or 2)=—"2
15 (or) a2 1

d(z) =

Lemma 8. [8]
If the function weD is in the form
o(2)=C1z+C, 7%+ zeD
Then,
‘cz —vcf‘ <1+(VM-De,|’
where v is the complex number
Lemma 9. [11]
Let ke [0,00) be fixed and gx(z) in the form (5)then
O(2)=1+H(K)z+H,(K)Z*+---, ze D

and

Hy H, (0= 22 M, ()

A-B
H,: Hz(k)=T{ZE(k)—(B+1)H1}M1(k)
where My(k) and E(k) are defined in (3) and (4)
2. Main Results

Theorem 10:
A function fe_ 7 and of the form (1) is in the class k-USy(X,A,B,y, t), if it satisfies the condition

2{2(k+1){(1— Vu, +(vu, ~1)[nal - vy[n.al[n-1,a1 [ (B+1){[n.a] + y[n,ql[n-1,q]}

n=2
—(A+1D{(1-y)u, +v[n,qu,}}4,la.| <[B-A|
roof.
Assume (13) is hold, then it suffices to show that

(13)
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. (1-t)(z04R2(2) +yz?0;5R;1(2)) )_ .
K (B 1) (/(1—y)(R ~f(2) —R,f(t2)) +vy2(04R§f(2) —t0 4R 5(t2)) / (A 1) B
A-1)(Z0gRAf(2) +y2202R () )_
( B+ 1) ((1—y)(R ~f(2) —R,f(t2)) +y2(04R;f(2) —t0 4R 5(12)) (A + l)
. (A-1)(zo4R5f(2) +y2z?05R;(2)) )_ .
_ R (B 1) (/(l—y)(R 5f@2) —RA(12)) +72(04R5f(2) —to,R;1(t2)) / (A 1) _qlq
(A-)@GRA@) +v2202R () )_
(B + 1) ((1—y)(R 5f@2) —RA(12)) +72(04R5f(2) —to,R;1(t2)) (A + 1)
we have
A—t)(zo4R1AM(z) +yz%02R 2 (2))
B—-1 a’q 9 g —(A -1
K ( )( (A—y)(R 5f(2) —RAf(t2)) +y 2(04R§(2) —to R 5f(12)) ( ) 1
(1-t)(zo4Rf(2) +yZz° 05 R;f(2) B
( B+1 )( A-7R §f(2) —R5f(t2)) +y 2(94R;f(2) —to,R;f(t2)) (A + 1)
(o (-0 RA(2) +y 2202R 1)) _ B
€N (B 1 )( (A-7R §f(@2) —RA(t2)) +y 2(84R;T(2) —to4R;f(t2)) (A 1) 1
J— < J—
(1-t)(zo4R5f(2) +y 2?05 R;f(2)) B
( B+1 )( (A-7R ;@) —RAf(t2)) +v 2(84R;T(2) —to4R;f(t2)) (A + 1)
< (kD) (B-1)(1- ) (B Rif(2) + yZ* 2R f(2) - (A-1)[(1- PR} F(2) - Rif(t2))+ yz(0,Ref(2) - 10, Rgf(tz))]_
1(B+1)(1- t)(@,R;f(2)+v2°0;Rf(2)) - (A + 1)[(1- n)(R;F(2) - Rif(t2))+ y2(6,R;F(2) - t0,RF(t2))]

—2(k 1\| (1-V(R:F(2) - R} f(t2))+v2(0,REF(2)— 10, RF(t2))— (1-t)(D R} f(2) + yz?Oi R :H(2)) |

i 1(B+1)(1-)(@R;H(2) + v2° 02 R}1(2)) - (A+ 1) [(1- MR} f(2) - RiH(t2))+ v2(0,R (1) - 10, R H(12))]

| > {@-7u, +Gu, —DInd -yindin-1,a, a,z" |
(B-A)z+ D" {(B+1){[ndl+v[n,dln-1,d}—(A+1{(1-1)u, +vIndu,}}4,.a,2"
> L@—yu, +(u, —1)ngl —y[n,dn—1,d}4, 4 a,|

|B - A| - Z::Z{(B + 1){[n 1q] + Y[naq] [n _11q]} - (A + 1){(1_ Y)un + Y[naq] u n}}¢n—l|an |
<1by (13) o

=2(k+1)

= 2(k+1)

When g—1andy=0 we have,

Corollary 11.
A function f eA and of the form (1) is in the class k—USy(A,A,B.t), if it satisfies the condition,

i{Z(kJrl)(un —n)+|n(B+1)-u, (A+1)}4,4fa,|<[B-A|

When g —1 and y =1 we have,

Corollary 12.
A function f €A and of the form (1) is in the class k—UCy(A,A,B,t), if it satisfies the condition,
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Z{2(k+1){n(u ~1)-n(n- 1)}+‘(B+1)n —nu (A+1)|}¢ Laa|<B-A

Theorem 13.
If f(z) € k-USy(1,A,B,y,1), and is of the form (1). then
o< H My (A= B)u, {(1—v) +v[i+1,al} - 2[{1+ vl al}i+1.a] ~{(L ) + vli+1, q]}uJ+1]B\ )
2[{(1+ v+ 1.0+ 2,al -{(A -+ v+ 2,a1}u 2104

(14)
where My(K) is defined by (3)
Proof.
Let
(1-0)(=, Rxf(z)+ yzzazRgf(z)) —olz (15)
(1-)(RAf(2) - RAF(12))+ y2(0,REF(2) - 10,R1f(t2)) P)
then
P(z)=< 0, (2)

=[(A+1)p(2) - (A-DI[(B+1)p (2) - (B-1)I"

_(A-1) ((A-1)(B+1) (A+1) (A-1)(B+1)? _(A+1)(B+1) 2,

- (B—l) +£ (B—1)2 (B_l)J(pk (Z))+( (B_1)3 (B—l)z )(pk (Z)) +
By taking p(z)=1+M1(K)z+My(K)z*+---
after some simplification, we obtain,

2(B+1)"* 2. —2n(A-B)(B+1)"*
(z)—<n21: B_1) +{Z_1: E_D™ }Ml(k)+
. w —2(B+1)"* w —2n(A—B)(B+1)"*
Now we see that the series >~ B_1) and D" B_1)"?
are convergent and converge to 1 and A-B respectively. Therefore,
p(z)<1+ A-B M, (K)z+---
Now if p(z)=1+" c,2", then by lemma [6], we have
e, <22B M), n>1 (16)

Now from (15) we have
(1-O)[DRif(2) +v2°0 R H(2)1=[(1- (R} f(2) - RLf(t2))+ v2(0,R;F(2) - O, R;f(t2))Ip (2
by simple calculation provides us,
o= > I+ vli.allugafag) e ] o
" i+ yn—1,a1}n.ql —{@ -V +v[n.dqiu, 14,
(A= B)M, (KY > T(1—v) + vIj.dllué;,a;

|an|£ 8
2[{1+v[n—-1,q]}[n.q] —{(1—7v) + v[n.,ql}u, 14,1
Now we prove that

=1 (17)
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(A=BIM, (KX A7)+ vli.allu 6,3

2[{1+yIn—1,q1}n,al —{(1— )+ vIn.al}u, 14, 18
H My (K)(A-B)u ., £(1—v) + yli+L,al} - 2[{1+ yLi,al}i+ 1,00 —{(1— y) +yLi+1,al}u ., 18
B 2[{1+ yli+L,al}i+ 2, —{(L—v) + v[i+2,a]}u .. 1 s

For this we use the induction method
For n=2 From (17), we have
(A- B)|M (k)|

ol < 2[(1+ 2.0 —{1-7v) +y[2.01}u, 14

From (14) we have
(A-B)|M,(k)

ol < 2[(1+ 2.0 —{1-7v) +y[2.01}u, 14

For n=3 From (17) we have
(A-B)M,|

Bl S B Ay y.a) s,
[ 2[(1—v>+v[2,q]]+2[(1+v)[2,q]—{(1—v)+v[2,q]}u2]J
2[(1+p[2,9]—{@-7v) +v[2,9]1}u,]

from (14) we have

o< (A-B)M,|
2[(1+pI[2,9] —{(A—-v)+v[2,9]}u, 14,
(IMl(k)I(A— B)u,[(1—v) +v[2,9]1+ 2[(A+)[2,9] —{(1—-v) + 7[2,q]}u2]j
2[{1+y[2.q1}3,a] {1 +7[3.41}u;]
Let the hypothesis be true for n=m from (16) we have,
o< (A= B)IM, (KD T(A—v) + vli.allu ;.4 [a|
™ 2[{1+ y[m—1,q13m,a] —{(1— ) + y[m,al}u 1B o
From(14) we have
a, |<1—[{|Ivll|(A B)Uj (L= )+ vli+ LI} + 201+ vIJ.al}i + 1.6l —{(1-v) +vlj + L.al}u ,+1]}
2[{L+ y[i+1,a30 +2,0] —{(L—) + [+ 2,003}
By induction hypothesis, we have
(A= B)M, (K2 T ) + vli.allu;épa |
2[{1+ y[m—1,q Hm,a] —{(1—-v) + y[m.,al}u ,, 1o
m2{|Ml|(A_ B)u; {(1—v)+v[i+1.a]}+2[{1+v[j,al}i+1,0] —{(1—v) +y[i+1.q]}u ,-+1]} (19)

a, =1

<11 2[{1+vyl+1.al3li+ 2,0l {1 =) +v[j+ 2,01 }U .50 2

j=0
Multiplying both sides (19) by
M [(A—-B)u, {(1-v)+ y[m,al}+ 2[{1+ y[m—1,q]}[m,q] —{(1—v) + y[m,ql}u,,]

we have
ﬁ IM.[(A-B)u; . {(1—v)+v[j+1,01}+ 2[{1+ v[j.al}i +1.a] {1 —v) + v+ 1.d1}u 4]
2[{1+yG+1,dl} i+ 2,9l —{(A—-v) +v0+ 2,413V .5 1Pma

=0
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_ IM(A - B)u, {1 — ) + y[m,ql} + 2[{1+ y[m —1,a1}[m,q] —{(1 — ) + y[m.cl}u ]
N 2[{1+y[m.q]}Hm +1,q] —{(1— )+ y[m+1,0]1},,,4]
o< (A= B)IM, (> T(A—y) + vLi.allu g, .[a|
™7 21+ y[m—1,0]Hm,a] —{(1— ) + y[m.al}u , 1¢n 4
_ (A—B)|M,|
2[{1+ y[m.a]Hm +1,q] —{(1—v) + y[m + 1,61} .1 1dn

m-—1
{Z[(l— V) +vL.dllgyafa| + un @ -y + v[m,q]}¢ml|am|}
=1

_ (A—B)M,|
2[{1+y[m.gl}m +1,9] —{(1—v) +y[m+1,01}u 116 4

x Z[(l— Y) + Y[j,Q]]¢j—1‘aj‘
1

That is
(A-B)IM, (X7 (=) + i, allu,¢;4fa |
2[{1+y[m, qIH[m+1,q] —{(1—y) +v[m +1,q1}u,, 14,
H {|Ml|(A B)u,. {(1-v) +v[+1al}+ 2[{1+y[j, a1} +1, 0] -{(1—v) + [ +1, q]}um]}

2[{1+yli+1Lal3l+2.al{A-v) +v[i+2.a]}u; ;10
WhICh gives (19). m

When g —1and y =0 we have,

Corollary 14.
A function f eA and of the form (1) is in k—-USy(A,A,B,t), if,

M, (k) (A- B)u,+1—2[j+1—u,-+1]B\J

|a |<H[ 2[|+2 uj+2]¢n71

is satisfied.
When g —1 and y =1 we have,

Corollary 15.
A function f € A and of the form (1) is said to be in the class k—UC4(1,A,B.t), if,

a, |<H M, (K)(A-B)(j+1) - 2(i+1)[1+ j—u;, 18]
2(J+ 2)[2+ J j+2 ]¢n71

is true.

Theorem 16.
Let —-1< B < A<land t=0, 0< k <o be fixed and let f(z) ek-USy(A,A,B,y, t) and is of the form (1) then for a
complex number p

A-B)M; (k) 2E(k)- (1+B)M1(k) (A- B)Ml(k)( _ n{Q-Suz}g,
2{0-SU3}, 2+ 2 2{P-RU,} Ru, P-RUHH) ]’ (n>9,)
2 (A-B)M, (K)
‘a3 _uaZ‘ S 2{Q78u31}¢z |' (61 = M = 62) (20)
(A-B)M, (k) |2E(K)-(1+B)M, (k) (A—B)M1(k)( _ n{Q-Suz}¢, )]
2{Q-Su334, | 2 + S FRruy Ru, P-RLHA) (n<s,)
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where

L @HP-Ru} i i )
L A BM. ({0 sy 2 2B~ 1+ BIM(OHP-Ru 3+ (A-BM,(ORL} (1)

__ (@{P-Ru;} B . )
2_¢2(A_B)Ml(k){Q_&J3}{{ZE(k) (1+B)M, (K)— 2HP - Ru,}+ (A-B)M,(K)Ru,}  (22)

and
P=(1+y)[2,q] Q=(1+y[2,q])[3.q]

R= (1-y)+y[2,0] S=(1-)+y[3,a]
and My(k), E(K) are defined in (3) and (4)

Proof.
If f(z) € k-USy(X,A,B,y,t) then it follows that

(1—t) (@ R;f(2)+ vz?0ZR;(2))
(1—R;F(2)— R F(t2))+ vz(6,R;f(2) — to,R;F(t2))
(A—B) {2ZE(k)— (1+B)M, (K)}(A—B)
4

Now by the definition of subordination there exists a function ® analytic in D with ®(0)=0 and
|o(z)|<1 such that

(1—-t)(@D,R;f(2) + vz?0ZR:1(2))
(L—Y(R:F(2) — R:F(12))+ vZ(0,R ;5 (2) — to,R:F(12))

=< qyx(2)
(23)

=1+ M, (K)Z® +---

M, (kK)z+

(24)
_1+ A8 U (Ke(z) + BER -+ Bé)llvll(k)}(A— B) M, (Kywo? (2) + - -
Now from lemma 8, equation (23) and equation (24), We have
0 — (A-BM (Kg
2 2[P—Ru,]é¢
and
2, A-BM(K) {C2+([2E(k)—(1+ B)Ml(k)]+Ruz(A—B)Ml(k)ch}
2[Q-Su;l¢, 2 2[P—Ru,]
. _uaz‘:(A—B)Ml(k) L J2ER)-ArBMK)  A-BIM K)o Q=SU3k [ 2| o)
T 2Q-ug, | 2 2{P—Ru,} | ° {P-Ru}a)’)| [
which gives
R A-BME| 2 )y, 2B -1 BIME)  A-BIM K  wiQ-Susid, ||
T 2AQ-Sugdg, | T 2 2{P-Ru} | ° {P-Ru}a)* )"

(26)
Suppose that u>8, then using the estimates ‘cz —cf‘ <1 from lemma 8 and the well known estimate |c,| < 1 of
the Schewarz lemma, we obtain
A-BM, K|, , 2EK) ~(L+B)M,(K) . (A-B)M,(K) [Ru _ mQ-su;}, J
2
2{Q Su 3}¢2 2 Z{P_ Ruz} {P_ Ruz}(¢1)2
The inequality (27) is our required assertion (20) for u>8; on other hand if u<g, then (25) gives,

(A-B)M, (k)[| I {ZE(k)—(1+B)M1(k)+(A—B)M1(k)(Ru2_u{Q—SU3}¢2 )}mf @,

» (27)

‘aa _Haz‘

‘3 na 2‘ 2{Q—Su,}¢ 2 2{P—-Ru,} {P—Ru,}(¢)*
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(28)
Applying the estimates |c,| < 1-|c,|? of lemma 8 and |c,| <1, We have
(A-B)M,(K)| 2E(K)- (1+ BIM, (K) | (A-B)M, (k)(Ru _ mQ-Sug, H
2{Q-su )¢, 2 2{P-Ru} | ° {P-Ru,}4)’
This is last inequality in (20). Finally if 6;<u<g, then
2600 -1+ BV, () (A-BM,(Q)(,  _ w{Q-Sus}, | _,
2 2{P-Ru} | {P-Ru}¢)* )"

‘as - l’laz‘

Therefore (25) yields
(A-B)M, (k)
c
2y, R
(A-B)M, (k) 2
= L1-1c,|+|c, [ }
2a-su
(A-B)M, (k)
2{Q-Su 3},
We get the middle inequality in(20). This completes the proof. m

‘aa _Haz‘
2l <

2

Theorem 17.
Let <k <o, -1< B < A< 1and t=0 be fixed and let f(z) € k-USq(A,A,B, v, t) and is of the form (1). Then for a
complex number p

(A-B)|M, (k)

,|2v—
Q-suy, TER B

‘as - Hag‘ <
where v is given by (31)

Proof.
From (25) we have

2‘ _ (A_ B)Ml(k) c

‘a —pad = _ (1+B)M1(k)_2E(k)_(A_B)M1(k) RU. — p{Q—Su,}4, R
U 2{Q-Su, ), 2 2{P—Ru,} * {P-Ru,}4)* )|
(29)
(A-B)M, (k) 2
= 2{Q——Su3}¢2‘cz —vcl‘ (30)
where

_(1+BM, (K -2E(K) (A-BM,(K)[ ~_ mQ-Su.},

2 2{P-Ru,} | ° {P—Ru,}(4)’
(31)

Applying the lemma 7 on the equation (30), we obtain the required result.
0O
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