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1. Introduction

Let A be the class of all normalized functions of the form

f(z)=z+ianzn (1)

Which are analytic in the Unit disk U.
A function that is regular (holomorphic) in U is said to be univalent in U if it assumes no value more than
once in U. Denote by S, the subclass of A, of all univalent functions in U.

For f(z) and g(z) analytic in U, we say that f(z) is subordinate to g(z) , written, f(z)<g(z2), if there
exists a Schwarz function w(z) with w(z) =0 and |w(z) |<1 in U suchthat f(z) =g(w(z)) . That is if the

range of one holomorphic function is contained in that of the second and these functions agree at a single
point, then a sharp comparison of these two functions can be made.

The problem of finding sharp bounds for the linear functional | a3—§a§ | of any compact family of functions
is popularly known as the Fekete-Szegd problem. This coefficient functional on the normalized analytic
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functions in the unit disk represents various geometric quantities. For example, for{ =1, the functional

represents Schwarzian derivative, which plays a significant role in the theory of univalent functions,
conformal mapping and hypergeometric functions.

A function f(z) € A is said to be bi-univalent in U, if f(z) €S and its inverse has an analytic continuation
to| w |<1. The class of all bi-univalent functions is denoted by ¥ .
The concept of bi-univalent functions was introduced by Lewin [18] who proved that if f(z) is bi-univalent,

then|a, |<1.51 . Brannan and Clunie [10] improved Lewin's result to | a, [< J2 . There is a rich literature on

the estimates of the initial coefficients of bi-univalent functions (see [11, 13, 16, 24, 25, 26]). However not
much is known about the estimates of higher coefficients. It is well known that every function f €S has an

inverse f | satisfying f (f(2))=2,(zeU) and f (f *(w)) :w,ﬁ W< (f);r(f) 2%} _Wwhere
fﬁl(W) = W—aQW2 +(2322 —aS)W3 —(5a§’ —5a,a, +a4)W4 +r (2)

Let K be simply connected, compact set in the Complex plane. Let h be analytic on K. It is possible to
approximate h by polynomials uniformly on K called Faber polynomials, introduced by Faber [12]. These
polynomials play an important role in geometric function theory.

A detailed discussion about Faber polynomial expansion for functions f € S of the form has been carried out

in [[1], [2], [3]]

Geometric function theory provides a platform to have a multiple dimensional view on the different subclasses
of analytic functions with help of g- calculus which is an effective tool of investigation. For example, the
theory of g- calculus is used to describe the extension of the theory of univalent functions. For basic
definitions, applications, terminologies, geometric properties and approximation one can refer [[5], [8], [9],
[14], [17], [19], [20], [21]]. Let us suppose O < g <1throughout this paper.

Definition. 1
The g-derivative of a function f is defined on a subset of [ is given by
(qu)(z)zw, if z#0,
(1-0)z
and (D, f)(0)= f'(0) provided f'(0) exists.
Note that

: _im @)= _ .,
Iim(D, £)(z) = lim (—q)z =1'(2)

if f is differentiable. From (1), we have

(D, f)(z) =1+ [n],a,z""

Where the symbol [n], denotes the number

1-9
n =
=7
Definition. 2
The symmetric g-derivative Dq f of afunction f given by (1) is defined as follows:
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(B, f)(2) = f@)-1@2 .0 @

(@-97)z
and ([N)q f)(0)= f'(0) provided f'(0) exists.
From (3), we have the deduction
(D, f)(2) =1+ > [n],a,2"", (4)
n=2
Where the symbol [n], denotes the number
qn _ q—n
[n], = .
q q _ q 1

From (2) and (4), we also have
(B,0)w) = 2 -9(@ W)
(a-gq7)w (5)
=1-[2],a,w+[3],(2a; —a,)w” —[4],(58; —5a,a, +a, )W’ +---.

Lemma. 1 [6, 22]
If the function p € P is defined by

P(z) =1+ p,z+ P,z° + py2° +---.

then
| p,I<2(nel ={1,2,3,--3}),
and
_p_l2<2_|p1|2
| B, 2|— o

Let ¢ be an analytic function with positive real part in U, with ¢(0) =1 and¢'(0) >0 . Also, let (U) be
starlike with respect to 1 and symmetric with respect to the real axis. Then, ¢ has the Taylor series expansion

@(z) =1+ Bz +B,z* +B,z° +---(B, > 0). (6)

2. Main Results
Definition. 3
Letf € A. Then f eR,(b,q,¢),bell {0} iff eX ,
1
Re(1+6((qu)(z)—l)j<(p(u) @)

and
1
Re[1+5((Dqg)(w)—1)j< o(v) (®)
Whereg = f .
2.1. COEFFICIENT BOUNDS FOR FUNCTIONS BELONGING TO THE CLASS RZ(b, g, )

Theorem 1
Let f eR,(b,q,¢) andg=f"eR.(b,q,¢) .Ifa =0 for 2<k <n-1 then

a4

al]<——n=3.
q
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Proof
Let feR.(b,g,¢) andpeP , then there exists two Schwarz functions u(z)=c,z+c,z°+--- and

v(w) = d,w+d,w’ +--- such that
1+2((04 @) 1) = plu(2) @

1+2((Dg))-1) = p(v(w) (10
Where
pUu(2)=1+2 > @Dy (c.c, -c,)2" (11)

n=1 k=1
and

POW) =1+ "3 3 D (dy, dy,e+-d W' (12)
n=1 k=1

From (9) and (11) we have

nl.a n-1
[ ]g “=> 9Dy(c,¢,,00C,),n > 2.(13)
k=1
From (10) and (12), we have
n b n-1
[nlb, => 9Di(d,,d,,---d,),n>2. (14)
b i3
For a, =0 for2<k <n-1, (13) and (14) respectively yield
[n],a,
Tq =0C,,

and
[nlb.  [nla,

b = b =¢pd

By definition of K we haveb, =-a,.
Upon simplification, we obtain

b
a, =——C,, (15)
[n],

b
a,=———gqd_, (16)
[n,
Taking the absolute values of (15) and (16) and using the facts that| ¢, [<2 ,|c, ,|<1 and |d, ,[|<1, we

obtain

H

al <——
[n],
Remark 1
If g —1 then the above theorem reduces to the results of Hamidi and Jahangiri [15].

Remark 2
If W =1 then above theorem reduces to the results of Altinkaya and Yalcin [7] (Theorem 7 for p=1).

244



G. Saravanan et al. PEN Vol. 6, No. 1, 2018, pp. 241 — 520

Theorem 2

Let f eR,(b,q,p)andg = f " eR(b,q,¢). Then
29 H | H < q +2q +1

2

q°+1’ q‘+g2+1

2yl ate2qt4l
Jrra 0 +q°+1

(i) aj <

4q18° 297 o (@ +17
(i) a) < @°+D)* g*+qg*+1° 2(9* +9° +1)
497 4 I i
q*+q>+1’ T 2(9*+9*+1)
1H 3
(iii} 2, - ua] < ‘fq =12
Proof
Letting n=2 and n=3 in [13] and [14] respectively, we get
[2],2.
bq : =@c (17)
[3]
Tqasz(olcz ‘szclz (18)
and
[2],b
l:? 2 = pd, (19)
3
[ ]tc; > =g¢d, 'szdlz (20)
Comparing (5) with (19) and (20)
[2],a
bq 2 = @d, (21)
3], (2a
—[ la( . %) pd, +p,d? (22)
Using ¢, =—d, in either of (17) and (21), we deduce
la, < 2|b| _2q|b]
TR, g+l
From (18) and (22), we get
2[3],a>
bq 2 =,(c, +d2)+¢)2(012 +d12)

and thus
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la, [< 4|b 2a{b]
Jq +q° +1

4|b Zq\/_ or [bl< q* +2q +1
\/q +q°+1 q'+q’+1

Now the bounds for |a, | are justified since | a, |<

From (18), we get

2 2
a2 [010AC to6T) 4lbl__4a’lb]
[3], [8, a‘+g’+1
On the other hand subtracting (22) from (18).

(a2 = (e, -d). 24

Solving the above equation for a, and taklng absolute value

49’ |b?  29°|b

o, < 4 1bF 207 |b)
@ +)° g +q9g°+1

Now, Theorem 2.2 (ii) follows from (23) and (25) upon noticing that

(25)

49°|b[* = 29°|b| _ 4|blg’ (q° +D°
2 2+ 4 2 < 4 2 b|< 4 2
@ +)° g +9°+1 g +9°+1 2(9"+g°+1)
For the third part of the theorem, we rewrite (24) as
—al= c,—d,)) (26
G—-a, 2[3] ——(p(c,—d,)) (26)

Taking absolute values, we get
|b||§01(cz_d2)|£ 2|blg’
2[3], q*+9°+1

la, -2, |=
We rewrite (22) as
b
2a§ —8; = ﬁ (pd, + ¢2d12) (27)

q
Taking absolute values, we get

blg’ 4lblg’
-2 2 :l— + d _—
|28 = o I el S e
Adding (26) and (27) and taking absolute value,
3 .. 3lbld’
la, - - < —F—F —-
2 qg +q° +1

2.2. FEKETE- SZEGO INEQUALITY FOR FUNCTIONS BELONGING TO THE CLASS
R:(b,q,9)

Theorem 3
Let f given by (1) beintheclass R, (b,q,) and{ €[l . Then
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Bl O 1
43, forO£ h(J) < 4,
8, —¢aj] <
1
4B| h(¢)  for h(<) 24[3]q.

where h(g) = B/ (1_5)
4[b[3],B; +[2],(B, - B,)]

Proof
Let f eR.(b,q,¢) and g be the analytic extension of f * to U then there exists two functions uandv,
analytic in U withu(0) =v(0) =0, |u(z) |<1|v(w)|<1 and z,weU such that

142 (8, H)D)-1) = p(u(@) 29)

1+2((B,0)W) ~1) = p(v(w) @9

whereg = f .
Next, define the functions p,q € P by

p(z) = iﬂg; =1+ pz+ p,z° +--- (30)
q(z)=%:1+qlw+qzwz+--- (31)
From the above definitions, one can derive
020 Lo 3 Ly o
-8 L o Lo

Combining (6), (28), (29), (32) and (33)
1 ~ 1 l 2 1 1 2
1+B((Dq f)(z)—1)=1+§BlplZ+(Z B, p; +§Bl(p2 _E pfj)z +o- (34)

1/« 1 1 1 1
1+B((Dqg)(w) -1) =142 qulw+(Z B,q? +3 Bl(qz _quDWZ 4+--r (35)

From (34) and (35), we deduce

[2],a, 1
;2=5&m@®
[Bl,a, 1 1 1
—§—=Z%ﬁ+§%(m—§ﬁjwn
and
[2],a, 1
- g2=5a%w&
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[3],(2a; -a,) 1 1 1
% :Z qulz +§ B, —quz (39)
From (36) and (38), we get

P =-0, (40)

Subtracting (37) from (39) and applying (40)
, bB
a;=a, +

4L3],

( P, — qz) (41)

By adding (37) to (39), we get
2[3],
b

1 1
a22 :EBl(p2+q2)+§ p12(Bz _Bl)'

Using (36) and (38)
a22 — bBls( P, ";qz) (42)
4 bI3),B +[21,(B,~B,)

From (41) and (42), we get

2 _ 1 1
a;—{a, bBl{Lh(g)"'qs]q]pz"'(h(g) 4[3]qj%}

() =2
4[b[3]q Bl + [2]q (Bl - Bz )]

Where

Then, by Lemma 1 and (6)

Bl b for0 £ h(¢) < —
431, 431,
8, —{ay < .
4B| h fonl h(g) > :
| h(<) (€] a3,
Corollary 1 If f e R, (b,q,¢) then takingd =1, we get
q°[b|B,
—al lk————L . (43
|a3 2| 4[q4+q2+1] ( )
Corollary 2 Let
1+zY 2.2
o(z) = 1 =1+2p2+2p°2° +---,(0< f<1).
-z
then from (43), we have
q’lb| g
—al K ———.
Corollary 3 Let
1+(1-2p)z

o(2) = =1+2(1- )z +2(1- p)z° +---,(0< B <1).

then the inequality (43) reduces to
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2
L @ lbla-p)
1% -2; |_2[q“+qz+1]'

3. Conclusion

We have estimated the bounds for the coefficients and also the linear functional which is popularly known as
Fekete- Szeg0 problem, for functions belonging to the class defined in this article. We also have seen our
results reducing to the results discussed in various other articles.
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